
Bull. Org. mondSaH 1956, 14, 1089-1107

ESTIMATION OF BACTERIAL DENSITY
OF WATER SAMPLES

Methods of Attainiing International Comparability

S. SWAROOP
Chief, Statistical Studies Section,

World Health Organization

SYNOPSIS

The statistical problems involved in the estimation of the bacterial
density of water samples by the so-called " dilution" method are
reviewed, and some ways of arriving at international comparability
of estimates are suggested. It is emphasized that the aim of the
dilution test should be not only to determine the " most probable
number " of organisms in the sample, but also to specify the accuracy
of the estimation by providing two confidence limits within which
the true bacterial density will lie. The dilution schemes recom-
mended for routine testing of water quality, for more precise esti-
mations of the number of organisms in a water supply before and
after treatment, at different times, or at different levels, and for tests
of heavily polluted supplies are described, and the factors affecting
the frequency with which sampling should be carried out are briefly
discussed.

This paper deals with the statistical problems that arise in estimating
the density of organisms in water samples by the so-called " dilution "
method, i.e., when an estimate of the number of organisms per unit volume
in the supply is made from a knowledge only of the numbers of sterile
and fertile samples at various dilutions. It is presumed that agreement has
already been reached on which specific organism is to be considered indi-
cative of faecal contamination and on what standard laboratory procedure
is to be used for detecting its presence in water samples.

Statistical problems arising in the assessment of the bacterial purity of
waters have been the subject of study in a number of countries for the past
40 years, beginning with the work of McCrady 20 and of Greenwood &
Yule.'2 A critical review of these developments has been made by Eisen-
hart & Wilson.4 Even though some of these studies have developed along
different lines, it is indeed a fortunate circumstance that the fundamentals
of the underlying statistical theory have remained almost the same through-
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out. These fundamentals were first clearly expounded by Fisher,7 and his
method has since been widely accepted and adopted not only for estimating
bacterial density but also for solving a variety of other problems of numerical
estimation. A recognition of the long-standing existence and pursuit of
this single basic statistical concept is important, because it paves the way to-
international uniformity as well as to simplicity in the methods of assessing
and reporting the results of tests on the bacteriological quality of waters.
The survey made for WHO by Gilcreas 11 has shown that at present " not
only is there little uniformity in procedure, but also less uniformity in the
terminology for the expression of results and in the units of measurement
employed for recording them.... This is of fundamental importance and
could well be made the first step in the formulation of standard methods
for the examination of water." It is therefore not only desirable, but also
possible, internationally to agree on a single formula for the numerical
estimation of bacterial density and on a single formula for calculating the
degree of error by which such an estimation is actually made. In this
connexion it is relevant to state that the formulae developed by the following
authors, at different times and in most cases independently, for estimating
bacterial density, all lead to practically the same values: McCrady;20 21
Greenwood & Yule; 12 Reed; 22 Halvorson & Zeigler; 14-16 Fisher; 7

Hoskins; 17 Stein; 23 and Worcester. 28
Specifically, international uniformity is desirable on the following

points:

(a) The form in which the results of bacteriological examination of
waters should be stated.

(b) The formulae to be adopted for assessing the bacterial density of
water samples.

(c) Assessment of the degree of reliability of such estimates.

(d) The dilution series and the numbers of tubes to be used in each test.

(e) The desirable frequency of sampling.

Statement of Results

The form in which the results of bacteriological tests on water samples
are usually expressed varies from one country to another, and it has also
varied in the same country with the passage of time. For example, in some
countries it has been customary to state the smallest quantity from which
organisms were isolated or the largest quantity from which they were not,
as, for instance, coliform organisms present in 1 ml and absent in 0.1 ml.
However, it is now generally recognized that parallel tests on the same
sample of water may give different results and that sometimes such ano-
malous results may occur as a positive reaction in 1 ml and a negative one

1090



ESTIMATION OF BACTERIAL DENSITY OF WATER SAMPLES

in 10 ml. This difficulty is further increased when at each dilution several
tubes are examined, because then the mere statement of presence or absence
in a few and not in other tubes at the same dilution does not summarize
all the information that such an elaborate dilution test in actual fact pro-
vides. A recognition of these points has, in the past, led some countries
to adopt a statistically more satisfactory method of expressing results-
namely, the statement of what is now usually called the " most probable
number" of organisms in a sample.

The important point to be recognized is that once the organism to be
looked for in the dilution tests has been agreed upon and a standard
laboratory procedure has been accepted, the aim of the dilution test should
be to estimate the bacterial density numerically.

In the past, the necessity for using complicated mathematical formulae
to calculate such a number perhaps deterred water analysts from adopting
this method of stating the results of routine sampling. Now, however,
a large number of ready-reckoning tables for estimating the most probable
number are available from which, for most of the usual dilution schemes,
against any observed combination of positive and negative results, such a
number can be read at a glance, thus obviating recourse to any mathematical
calculations (McCrady; 21 Greenwood & Yule; 12 Halvorson & Ziegler; 14-16
Hoskins; 17 Swaroop 24-27). Even the schemes for computing these numbers
in special cases have been considerably simplified, as explained by Hoskins,'7
Dallavalle,3 Mather,'8 Fisher & Yates,10 and Finney.6 The results of any
combination of fertile or sterile tubes from a single dilution or a series
of dilutions tested simultaneously can and should therefore be summarized
in numerical form and, as is explained later, the degree of error in such
estimations should also be specified.

It is not fully appreciated that the estimates of the most probable
number so obtained are associated with an unusually large margin of error.
Unfortunately, when an estimate is obtained by the use of some complicated
mathematical formula and a single numerical result is set out, it tends
generally to create in the minds of uninformed persons a misleading
impression of apparent precision. In this connexion it must be pointed
out that, no matter how ingenious the underlying statistical theory for
estimating the organisms in the supply may be, the estimate is always
obtained without making a direct count of the organisms. Further, the
method of estimation is based on certain assumptions which may or may
not always be valid. These assumptions, as indicated by Fisher, Thornton
& Mackenzie,9 are:

(a) That the organisms are distributed randomly and independently
throughout the liquid, and that there is no tendency for pairs or groups
of organisms either to cluster together or to repel one another. In other
words, each tube has an equal chance of receiving any organism.
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(b) That each sample from the liquid, when incubated in the culture
medium, is certain to exhibit growth whenever the sample contains one
or more organisms. If the culture medium is poor, or if there are factors
which inhibit its growth, or if the presence of more than one organism
is necessary to initiate growth, the most probable number would give an
underestimate of the true bacterial density.

(c) That the development of gas by any organism is independent of
other organisms present.

Granting for the sake of argument that these assumptions hold good,
the numerical estimate of bacterial density is still known to be associated
with a large margin of error-in some cases of the order of several hundred
per cent. For instance, if by using five tubes each inoculated with 10 ml,
1 ml and 0.1 ml, it is estimated that there are 10 organisms per 100 ml
in the actual supply, the bacterial density will not necessarily be 10 per
100 ml, but may range in the usual 95 % confidence level anywhere from
2 to about 23 organisms per 100 ml, i.e., the error around the true value
is of the order of over 100%. Again, the Ministry of Health of England
and Wales 5 regards water as being of satisfactory quality if the coliform
count per 100 ml is 2 or less. Actually, when the routine dilution test
on a sample shows the most probable number to be 2, it is probable (95 %
of cases in repeated sampling) that the bacterial density of the supply
may be anywhere between 1 and 7 organisms per 100 ml-a result which
is again associated with a considerable degree of unreliability for that
most probable number.

Since estimates of the most probable number made with such a wide
margin of error may not be valuable as the ultimate criteria for accepting
or rejecting any water supply, two courses seem to be open to us. First,
a recommendation may be made that, by using a large number of tubes
and suitable dilution ranges, etc., the most probable number should be
estimated with a greater degree of precision. A standard for the maximum
error to be permitted in the estimate should be agreed upon for inter-
national adoption. This point is discussed later.

Secondly, the practice of relying on a single absolute figure of the most
probable number should be discouraged by recommending that the result
of dilution tests should also state the likely range of bacterial density or
what is called, in statistical terminology, the confidence interval. Thus, if
by using 5 tubes each of 10 ml, 1 ml and 0.1 ml the most probable number
is found to be 10 organisms per 100 ml, the form in which the result is re-
corded may be as follows: " Bacterial density estimated as 2-10-23 organisms
per 100 ml"; the two extreme values indicate the confidence limits and the
middle one the most probable number. Of course, if a larger number of
tubes at a different dilution were used, as, for instance, 10 tubes each at
50 ml, 10 ml and 1 ml, and the most probable number is again estimated at
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10 per 100 ml, the range is narrowed down to between 5 and 19 organisms.
In that case, the statement of the result of the dilution test should be that
the bacterial density is estimated as 5-10-19 organisms per 100 ml. It is
felt that recourse to this form of numerical statement of results may prevent
the use of the results of dilution tests as criteria in cases when such criteria
cannot legitimately be used on usual statistical standards without gross
possibility of taking a wrong decision. Further, if this method of stating
the result of a dilution test is uniformly adopted, it should go a long way
to producing comparability in the statement of results of dilution tests in
different countries and at different places and periods of time within each
country, provided, naturally, that there is uniformity in the laboratory
techniques employed.

Although, as has been mentioned earlier, a number of ready-reckoning
tables are available for reading the most probable number at a glance,
only a few of these indicate the contingent range of variation of bacterial
density. If the above suggestion is agreed upon in the interests of interna-
tional uniformity, it should be easy to have ranges worked out for all possible
combinations of results for such dilution sets as are recommended for general
adoption and the ready-reckoning tables revised to show, along with the
most probable number, its range of variation or, to use statistical termin-
ology, its confidence limits.

Recommended Dilution Schemes

For planning a dilution test so as to secure a desirable degree of precision
in an estimate, three important considerations are:

(a) the number of tubes to be inoculated;
(b) the dilution factor to be used;
(c) the dilution range to be covered.

Number of tubes

Although the precision of the estimate of the most probable number
generally depends on the number of tubes inoculated, it does not increase
in direct proportion to the increase in the number of tubes used. For
example, increasing the number of tubes from 5 to 10 produces a relatively
much greater increase in precision than increasing the number from 10 to
20 or from 20 to 40 and so on. On the other hand, as indicated below,
unless the number of tubes used is sufficiently large the estimate will remain
of a highly questionable reliability.

As is explained later, for each bacterial density there is only one dilution
which is the ideal one to use. That is the one which gives the results with the

17
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greatest precision. Granting for the sake of argument that the ideal dilution
alone were used, the range of error relative to the most probable number can
be judged roughly from the following relationship:

Number of tubes x square of range of error = 61766 a
This range of error will indicate approximately the range between the

upper and lower limits of the bacterial counts-limits that are not likely
to be exceeded in about 95 % of cases. Thus, if we are estimating the most
probable number with 50% permissible range of error, the number of tubes
to be used in a single ideal dilution would be 25. If on the other hand we
used only 10 tubes the error would be of the order of 80% of the most
probable number. The customary use of only 5 tubes would estimate the
most probable number under ideal dilution with 115% of error. -Table I
shows the range of error relative to the most probable number expected in

TABLE 1. RANGE OF ERROR (TWICE THE COEFFICIENT OF
VARIATION) IN RELATION TO NUMBER OF TUBES USED

Range of error in the estimate of the Number of tubes to be used at the
most probable number ideal dilution

(%)

10 618

20 155

30 69

40 39

50 25

60 18

70 13

80 10

90 8

100 7

120 5

150 3

an ideal dilution, using one dilution only. It should be of help in reaching
some compromise between the degree of precision required in the estimate
and the number of tubes which could conveniently be recommended for
that purpose.

a Range of error is taken as twice the coefficient of variation (in percentage) of the most probable
number.
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Dilution factor

It has been customary to use tenfold dilution in routine tests, presumably
because the range of organisms to be explored may be great, running into
several multiples of ten. However, on theoretical considerations, Fisher &
Yates 10 suggest that if an adequate number of tubes is available, the two-
fold dilution series should be used, with correspondingly fewer tubes at
each level, in preference to tenfold series covering the same range. With a
twofold series, several dilutions contribute information. On the whole, the
twofold dilution gives a slightly lower standard error over the range from
1 to 100 organisms per ml (Cochran 2). Thus a low dilution ratio is prefer-
able if the extra work involved can be accomplished easily. But in actual
practice, while for exploring a range of 1 to 100 organisms per 100 ml a
tenfold dilution will require tubes to be set at only three levels, a twofold
dilution will need tubes at eight or nine levels. Considering also the fact
that ready-reckoning tables will have to be prepared to cover a whole series
of such levels, it may not be advisable, without further study, to suggest
the use of twofold dilution, especially for water samples when the range of
organisms to be explored may be very wide.

Dilution range

Of course, if we choose a dilution by which all tubes happen to be either
sterile or fertile, the test is quite indeterminate for estimating the most
probable number or its reliability. It is only when a certain number of
tubes are fertile and others sterile at any single dilution that the most
probable number can be estimated. From probability theory (Fisher 7), it is
known that the most probable number of organisms is estimated with the
greatest precision when the average number of organisms in the quantity
of water inoculated in a tube is 1.6 When in the ideal case the original
supply contains 1.6 organisms per unit inoculated, it is known from theory
that in the long run about 20.3% of tubes will be sterile. For practical
purposes, as Fisher 8 states: " Any proportion between 10 per cent. and
33 per cent. sterile will, however, supply nearly as much information, and
the aim in adjusting the sampling process should be to obtain a percentage
of sterile samples between these limits." Thus, to obtain from the same
number of tubes a result with the greatest possible precision we should,
from a priori knowledge, so choose the quantity of water to be inoculated
that it contains about 1 to 2 organisms, the ideal being 1.6. It follows,
therefore, that if we are testing as a routine measure for the presence of
only one to two organisms per 100 ml we should examine samples in units
of 100 ml only. If on the other hand we expect that the original supply
contains about 10 to 20 organisms per 100 ml we should inoculate 10 ml
per tube. Thus, if from previous experience we can guess the likely range

1095



1096 S. SWAROOP

of the most probable number to be estimated or if the critical level of the
most probable number has already been prescribed, the quantity of water
to be inoculated in the tube should be so adjusted as to correspond to
approximately 1.6 organisms per tube. Eisenhart & Wilson 4 have justly
stated that: " If a routine check on a controlled bacterial population is
concerned, as in a routine analysis of the water in a city reservoir, so that
the customary whereabouts of the bacterial density is known, the most
effective 'control ' will be obtained by running all tubes at a single dilu-
tion....

Information supplied by each tube. How informative each sample test
can be in estimating bacterial density in relation to the amount of water
to be inoculated per tube, can be judged from Table II, which in Fisher's

TABLE II. "AMOUNT OF INFORMATION" PROVIDED BY A SINGLE TUBE

Number of Amount of water inoculated per tube
organisms
per 100 ml 100 ml 50 ml 10 ml 5 ml 1 ml 0.1 ml 0.01 ml

1 0.58 0.39 0.10 0.05 0.01 _ _

2 0.63 0.58 0.18 0.10 0.02 - _

3 0.47 0.65 0.26 0.14 0.03 - _

4 0.30 0.63 0.33 0.18 0.04 _ _

5 0.17 0.56 0.39 0.22 0.05 0.01 _

6 0.09 0.47 0.44 0.26 0.06 0.01 _

7 0.04 0.38 0.48 0.29 0.07 0.01 _

8 0.02 0.30 0.52 0.33 0.08 0.01 _

9 0.01 0.23 0.55 0.36 0.09 0.01 _

10 - 0.17 0.58 0.39 0.10 0.01 _

15 - 0.03 0.65 0.50 0.14 0.01 _

20 - - 0.63 0.58 0.18 0.02 -

30 - - 0.47 0.65 0.26 0.03 -

40 - - 0.30 0.63 0.33 0.04 _

50 - - 0.17 0.56 0.39 0.05 0.01

100 - - - 0.17 0.58 0.10 0.01

150 - - - 0.03 0.65 0.14 0.01

200 - - - - 0.63 0.18 0.02

300 - - - - 0.47 0.26 0.03

400 - - - - 0.30 0.33 0.04

500 - - - - 0.17 0.39 0.05

1000 _- _ - 0.58 0.10
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TABLE I1. DILUTION SETS FOR WHICH COMPLETE TABLES FOR READING THE

MOST PROBABLE NUMBER IN 100 ml OF WATER HAVE BEEN PUBLISHED

Dilution set

1/2

1/10

1/2

1/10

1/100

Corresponding number
of tubes

1

5

5

5

1/10

1/100

1/1000

5

5

5

Bibliographical
reference no.

5 (Table II)

5 (Table Ill)

5 (Table IV);

1 (Table 21b)

1/10 3

1/100 3 1 (Table 21c)
1/1000 3

1/10 2, 1, 5

1/100 2, 5, 1 1 (Table 21a)

1/1000 2, 1, 1

1/2 1

1/10 5 1 (Table 21a)
1/100 1

1/10 51/100 5 1 (Table 21a)

1/100 1

1/1 5

1/2 1 1 (Table 21a)

1/10 1

L 1/1 5 1 (Table 21a)
1/10 5

1/2 2, 3, 5, 10

1/10 2, 3, 5, 10 27

1/100 2, 3, 5, 10
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terminology 8 shows a relative numerical measure of the "amount of
information" each tube can provide.

Bearing the foregoing consideration in mind, standards for the dilution
to be used when testing waters for different purposes or situations could
be prescribed. The following suggestions are made for consideration in
cases where all tubes are to be run at the same dilution:

Probable range of Quantity to be inoculated
organisms per 100 ml per tube

O to 2 100 ml
3to 6 50 ml
7to 20 10 ml

21 to 60 5 ml
61 to 400 1 ml

401 to 1000 0.1 ml

If a wider range of organisms is to be explored, i.e., when we have no
a priori knowledge or are not testing for any critical level, tubes at several
dilutions have to be set up.

Use of several dilutions. For routine work a number of dilution sets
have already been in use, and for some of them tables from which the most
probable number can be read at a glance have also been published. Table III
shows some of the dilution sets for which standard tables already exist.

Hoskins 17 has provided a more extensive set of tables which, for the
dilution set 1/10, 1/100 and 1/1000, covers the use of various numbers of
tubes at each dilution up to a maximum of 5 tubes for each. He has also
provided tables to cover dilution sets 1/2, 1/10, 1/100 and 1/1, 1/2, 1/10 for
various numbers of tubes used at each dilution. An important question
to be considered is which of all these various dilution sets is the one to
be preferred for general use, especially bearing in mind that in the large
majority of cases we may be concerned with estimating the bacterial density
of waters where the number of organisms per 100 ml is not likely to exceed
50 or 100.

Dilution set recommended for general use. A study of these dilutions
led the present author 25, 26 to the conclusion that, for general use, the
dilution set to be recommended is 1/2, 1/10 and 1/100 with an equal number
of tubes used at each dilution. This point is illustrated by Fig. 1, which
traces the " percentage error " associated with the various dilution sets
in estimating the most probable number anywhere in the range from 1 to
200 organisms per 100 ml. A separate curve is drawn for each dilution set
on the assumption that for comparative purposes the total number of tubes
used in each case was the same, namely, 30. The curve for the dilution set
1/2, 1/10 and 1/100 seems to follow the most satisfactory course. It is
therefore suggested that in cases where a single dilution is not used, the
dilution set to be preferred is 1/2, 1/10 and 1/100 with an equal number
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FIG. 1. PERCENTAGE ERROR IN ESTIMATE OF MOST PROBABLE
NUMBER WITH DIFFERENT DILUTION SETS

1099

Total number of tubes used in each test: 30

of tubes inoculated for each dilution. As stated earlier, ready-reckoning
tables for reading at a glance the most probable number and its confidence
limits already exist for this dilution set.27

It must be explained that the choice of this dilution-namely, 1/2, 1/10
and 1/100-with an equal number of tubes was made after an empirical
comparative study of the various dilution sets which have frequently
been in use or have been suggested in the literature. As far as the writer
is aware, the general problem of which particular dilutions and what
weights (number of tubes) to attach to each dilution to cover a wide range
of pollution, has not yet been solved on a rigorous mathematical basis.
Further theoretical consideration of this problem is needed.

Sensitivity of test. In an examination of the dilution range to be recom-

mended in relation to the prescribed standards of bacterial purity, another
important consideration is the following:
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If only one dilution is chosen and 5 tubes are recommended for use,
it is clear that there are only 6 different possible results which can be
observed-namely, the number of fertile tubes can be either 0 or 1, 2, 3, 4, 5.
To each of these observations corresponds a single value of the most
probable number. For instance, if each of the 5 tubes is inoculated with
10 ml, the most probable number per 100 ml corresponding to all possible
results will be as shown below:

Number of fertile Most probable Confidence limits (95%)
tubes out of S number upper lower

0 0.0 0.0 6.0
1 2.2 0.1 12.6
2 5.1 0.5 19.2
3 9.2 1.6 29.4
4 16.0 3.3 52.9
5 infinite 8.0 infinite

It is clear that at the lower end of the scale, the most probable number
in integers is estimated either as 0, or 2 or 5 or 9 or 16. Thus, this scheme
will not be able to tell us whether the original supply had any of the inter-
vening numbers of organisms such as 1, 3, 4, 6, 7, 8, 10 and so on. If,
therefore, the prescribed standards of bacterial purity of water stipulate that
the sample should not show more than 1 organism per 100 ml, the above
test scheme is not satisfactory, as it will never be able to provide a numerical
figure at this critical level, the measuring rod being too coarse for this
particular purpose.
A similar situation may arise even when more than one dilution is

set up. As a specific instance suppose that water showing 1 organism
per 100 ml is considered satisfactory and the test is carried out by the
customary scheme of using 5 tubes each with 10 ml, 1 ml and 0.1 ml.
A perusal of the available table (see reference 5, Table IV) for reading
the most probable number against all possible combinations of fertile
and sterile tubes shows that in no case does the observed result correspond
to 1 organism. The most probable number assumes only such discrete
values as 0, 2, 4. Thus neither 1 nor 3 will be estimated by this dilution
scheme.

There are two possible ways of improving the measurement of bacterial
density at the lower critical levels:

(a) by increasing the quantity to be inoculated in each tube;
(b) by increasing the number of tubes used.

Table IV illustrates how, by increasing the quantity of water to be
inoculated per tube, the test can be arranged to detect the presence of
even a single organism.
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TABLE IV. MOST PROBABLE NUMBER ESTIMATED BY VARYING
THE QUANTITY OF WATER SAMPLE PER TUBE

Most probable number estimated when the quantity of water inoculated
Number of per tube is

fertile tubes
out of 5

100 ml 50 ml 10 ml 1 ml

1 0.2 0.4 2.2 22

2 0.5 1.0 5.1 51

3 0.9 1.8 9.2 92

4 1.6 3.2 16.1 161

It is clear that for the particular case discussed above, the most conve-
nient quantity to inoculate in each tube would be 100 ml.

The sensitivity of the test is also increased by using a larger number
of tubes. Table V illustrates that by inoculating 100 ml per tube and
increasing the number of tubes from 5 to 10 or to 20 will further increase
the sensitivity of the test in the above-mentioned situation.

TABLE V. MOST PROBABLE NUMBER ESTIMATED BY INCREASING
THE NUMBER OF TUBES

5 tubes each 10 tubes each 20 tubes each
Number of inoculated with inoculated with inoculated withfertile

tubes
100 ml 10 ml 100 ml 10 ml 100 ml 10 ml

1 0.2 2.2 0.1 1.1 0.05 0.5

2 0.5 5.1 0.2 2.2 0.11 1.1

3 0.9 9.2 0.4 3.6 0.16 1.6

4 1.6 16.1 0.5 5.1 0.22 2.2

5 0.7 6.9 0.29 2.9

6 0.9 9.3 0.36 3.6

7 1.2 12.1 0.43 4.3

8 1.6 16.1 0.51 51

9 2.3 23.0 0.60 6.0

10 0.69 6.9

Accuracy of Estimation

The question of confidence limits of the most probable number of
organisms has been discussed by a number of writers. Without attempting
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to survey the literature on this aspect of the problem in any detail, it may
be mentioned that Matuszewski, Neyman & Supinska 19 gave a table of
confidence limits to cover a selected series of dilution tests, but restricted
it to the case where the dilution density is estimated by means of only
the total number of fertile samples. The formulae of Swaroop 24 and
Haldane 13 are of a general nature and are derived from the method of
maximum likelihood (Fisher 7). But these formulae are based on the
theoretical assumption that the distribution is approximately normal.
Further weaknesses of this procedure have been briefly indicated by
Fisher & Yates,10 who in fact state that standard errors should not be
attached to the estimate of bacterial density. In a recent paper,27 this
theoretical assumption has, for practical purposes, been accounted for
and a general formula for obtaining the confidence limits of the most
probable number has been given. Using this formula, a series of tables
covering a number of dilution test schemes and showing both the most
probable number and the upper and lower confidence limits of that number
have been compiled. A perusal of any of these tables clearly shows the
largeness of the range covered by these two limits.

Since, as already stated, imprecise estimates of the most probable
number should not be adopted as criteria for accepting or rejecting the
quality of water-samples, it seems necessary to agree not only on estimating
the range of the probable bacterial density but also on the precision with
which the range should be estimated. Of course, if a dilution test is carried
out with a sufficiently large number of tubes it is possible to narrow down
this range to any desired degree of precision. As a compromise between
the statistical precision required in the estimate and the administrative
burden imposed, it would seem reasonable to suggest that the dilution
tests should be so arranged as to limit the error to a maximum of about
±80% of the bacterial density (the "coefficient of variation" of the
estimate being 40 %). When the three dilutions 1/2, 1/10 and 1/100 are used,
the minimum number of tubes to be inoculated at each dilution level
to attain this precision should be 10, i.e., 30 tubes in all. If, by using the
same dilution set, the range of error is not to exceed ±50%, the number
of tubes used should be 20 at each dilution, i.e., 60 tubes per test.

Lest these numbers seem unduly large an explanation may be given.
Distinction is here drawn between (a) the routine practice of carrying
out repeated or periodic sampling tests to maintain a control on the quality
of water in continuous supply, (b) the occasional examination of water
samples to estimate the bacterial density numerically for purposes of
comparison, as, for instance, before and after each or several purification
processes, and (c) exceptional circumstances requiring more rigorous
complementary information.

In the first case we are not directly concerned with estimating the bac-
terial density with any precision, but rather are interested in ensuring that
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a certain critical level is not passed. In that particular case, after a proper
choice of dilutions and the maintenance of control charts (see page 1105),
the number of tubes to be inoculated at each bacteriological examination
may be considerably reduced. In fact, in such a case the use of 10 tubes at
only a single dilution will suffice. In the other two cases, however, when
our chief interest lies in estimating for comparative purposes the bacterial
densities per se of the same water supply before and after treatment, or at
different times, or at different levels, there is need for ensuring that each
bacterial density is ascertained with at least the minimum prescribed degree
of precision, 80% permissible error relative to the bacterial density being
the maximum suggested in this paper.

It would be preferable to carry out a single test to estimate bacterial
density with an acceptable degree of precision rather than undertake a
series of tests all of doubtful value. It will no doubt be recognized that,
owing to a random distribution of organisms in the sampled water, different
tubes inoculated in a single test will show variation. But this variation will
be of a lower order than if repeated tests were made with a smaller number
of tubes, because of added variation arising from different water samples.
The distribution of organisms may be far from homogeneous if the volume
of water is large, and especially so if it cannot be mixed. The sample will
then give an estimate of the bacterial density only for that part of the supply
from which it was drawn, and this estimate may differ considerably from the
average density over the whole supply. This error may be of a greater
magnitude than the error in the dilution method itself.

For practical purposes the following recommendations are made:

1. If the purpose is to maintain a routine check on water by repeated
sampling, a single dilution should be used. The quantity of water to be
inoculated in each tube will depend upon the initial level of the bacterial
density. For instance, if this level is stipulated at 1 to 3 organisms per
100 ml the quantity to be inoculated in each tube should be 100 ml. Ten
tubes should be used for each test.

2. If a wider range of bacterial density is to be explored, the dilution set
recommended is 1/2, 1/10, 1/100. At least 10 tubes should be used at each
dilution if the permissible range of error is ± 80 %. If the maximum range
of error to be allowed is ± 50%, at least 20 tubes should be used at each
dilution level.

3. For heavily polluted supplies, i.e., when the bacterial density is likely
to be of the order of several hundred organisms per 100 ml, the dilution set
1/10, 1/100, 1/1000 may be used, with 10 tubes at each dilution.
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Frequency of Sampling

The frequency with which supplies should be sampled is more a matter
for administrative decision, on the basis of public-health practice, than one
involving any elaborate theoretical statistical considerations. For instance,
as the Ministry of Health report 5 referred to earlier points out, the frequency
of sampling should be determined in relation to:

" . . . the nature of the supply itself, its known liability to accidental admixture with
water of doubtful purity such as that from fissure strata, from floods, from fractured
sewers or contaminated sub-soil and its exposure to unfavourable risks such as those
incurred in repairs and alterations of wells, reservoirs, mains, etc. . . . The necessity
for frequent sampling or bacteriological control of the water should be considered in
relation to many factors such as season, nature and topography of the source of supply....
There are extremely few supplies of any size so circumstanced that regular bacteriological
control is unnecessary. In the great majority, contamination, as is well known, may
occur at any moment, and may come from numerous different sources.... In general,
it will not be too onerous for the larger undertakings to have daily routine tests. In the
case of small supplies such as those used by single, or a few households, routine examina-
tion is obviously out of the question."

Since the purpose of periodic tests is to keep a check on the accidental
contamination of the water, it would seem that the frequency of sampling
should be determined from local knowledge of the supply and its distribu-
tion system.

Obviously, a bacteriological test can at best indicate the quality of the
water only at the moment when the sample was drawn. It does not and
cannot possibly guarantee that the supply will not be contaminated any
moment afterwards. A more frequent sampling at various points in the
distribution system, especially at points remote from the vulnerable spots,
should be the routine practice.

Even though it is recognized that the larger the community the more
frequent should be the sampling, it is difficult, in view of the above considera-
tions, to stipulate any numerical sampling scheme to serve as a guide.

In order to secure uniformity in this respect the first step may be to
specify the broad categories into which the various types of supplies may fall
and indicate to what extent each of these categories relatively needs more
frequent bacteriological control of sampling.

In the case of frequent routine examination of samples, it is advisable
that the information be recorded on quality-control charts, in which the
range of permissible variation of the estimated most probable number or,
preferably, of the permissible number of fertile tubes is marked. By this
method deviations from the norm will be obvious and an effective check
maintained on the quality of the water. Fig. 2 is an example of a simple
control chart covering the case when at each routine test ten tubes are used
and the object is to detect whether the water contains more than 1 organism
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FIG. 2. CHART FOR RECORDING RESULTS OF ROUTINE TESTING
OF WATER SAMPLES

Number of tubes used: 10
Quantity inoculated per tube: 100 ml
Maximum allowable density of organisms: I per 100 ml
Consumer's risk at maximum allowable density of organisms: 20 %

per 100 ml. It is based on an allowable maximum of 20% probability of
risk to the consumer. The number of fertile tubes found at each successive
test is plotted on this chart. If the point falls below the dotted line, no

suspicion is raised. If a point falls on or above the upper continuous line,
contamination is indicated. Any point falling between the continuous and
broken lines casts suspicion and a second sample should be tested immedi-
ately. If two or more points successively fall in this range, contamination is
indicated.

Similar charts could of course be prepared to cover other routine dilu-
tion schemes and the prescribed criteria of bacteriological purity.

Summary and Conclusions

This paper has suggested some ways of arriving at international uniform-
ity and simplicity in the statistical procedures for estimating the bacterial
density of water samples by the so-called " dilution " method. It is pointed
out that the dilution method of estimating the organisms is of a poor degree
of precision.
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The following suggestions are made:

1. The aim of the dilution test should be to estimate the bacterial
density in numerical terms as well as to specify the accuracy with which the
number is estimated by providing the two confidence limits within which
the bacterial density in the original supply may fall.

2. By choosing an adequate number of tubes and dilutions, the dilution
set should in each case be so adjusted as to limit the percentage error of the
estimated number to ± 80 (i.e., the coefficient of variation of the most
probable number should not be allowed to exceed 400%).

3. The form in which the results of dilution tests should be stated should
specify the most probable number estimated per 100 ml as well as the upper
and lower confidence limits (in the usual 95 % probability range). Thus,
for example, the statement of results should be as follows:

" Bacterial density estimated as 2-10-23 organisms per 100 ml "; the two
extreme values indicate the upper and lower confidence limits and the middle
one the most probable number of organisms per 100 ml.

4. If the purpose of the test is to maintain a routine check on water by
frequent and repeated sampling, a single dilution should be used. The
quantity of water to be inoculated in each tube will depend upon the pre-
scribed level of bacterial purity. For instance, if this level is stipulated as
1 to 3 organisms per 100 ml, the quantity of water to be inoculated in each
tube should be 100 ml, 10 tubes being used for each test. A quality-control
chart to record the results of successive tests should be maintained.

5. If the purpose of the dilution test is to estimate bacterial density
numerically and if the likely density can be presumed to lie between 0
and about 200 organisms per 100 ml, and the dilution set used is 1/2, 1/10
and 1/100, then 10 tubes should be used at each dilution to attain the
desired degree of precision in the estimate-namely, ± 80%.

6. Ready-reckoning tables should be made available so that, against
any observed combination of sterile and fertile tubes, both the most probable
number and the confidence limits can be read at a glance.

RESUM1t

L'evaluation de la densite microbienne d'echantillons d'eau est discutee dans cette
etude, sous son aspect statistique.

L'enquete effectuee sous les auspices de l'OMS dans divers pays a montre qu'il
n'existe guere d'uniformite dans les methodes, pas plus que dans la terminologie employ6e
pour exprimer les resultats et dans le choix des unites de mesure pour les evaluer. It
serait desirable et possible, sur le plan international, d'obtenir une uniformite sur les
points suivants: la forme sous laquelle les resultats de l'examen bacteriologique de
l'eau sont pr6sent6s; les formules a adopter pour estimer la densite microbienne d'echan-
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tillons d'eau; le degre d'exactitude des resultats; la dilution appliqu6e et le nombre de
tubes i employer pour chaque essai; la frequence des prises d'echantillons.

AprEs avoir pass6 en revue divers proced6s en vigueur dans le monde pour deter-
miner ces diverses donnees, l'auteur formule certaines recommandations, parmi les-
queUles: l'indication, dans le rapport des resultats, des limites de securite entre lesquelles
peut se situer le chiffre de densite bacterienne de l'echantillon consider6; l'indication
du nombre de bacteries le plus probable par 100 ml, ainsi que des deux limites de securit6
(par ex. 2-10-23); l'emploi d'une seule dilution s'il s'agit d'effectuer des contr6les de
routine par echantillonnages frequents - la quantite d'eau a mettre en culture d6pen-
dant du niveau de purete exige de l'eau; le nombre de dilutions en fonction de la teneur
presumee de l'eau en micro-organismes; l'etablissement de tabelles sur lesquelles on
puisse lire immediatement les deux chiffres des limites de securite et celui du nombre
le plus probable, pour toute combinaison de tubes contamines et de tubes steriles qui
peut se presenter dans la pratique.
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