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Evaluation of Results of the Testing
of Smallpox Vaccines
A Report on Statistical Methods

M. WEIS BENTZON 1 & P. KRAG 2

A report is given on the statistical methods used in the evaluation of results in the
international assay of smallpox vaccines, and on special statistical problems connected
with the counting of lesions (pocks and plaques).

Variances due to different sources of error are estimated. These estimates are used to
determine minimal testing programmes for detecting certain differences in relative vaccine
potencies. Thus for comparison between three vaccines-each given in five dilutions-a
minimum of two rabbits in the scarification test or 15 eggs in the pock counts (one egg per
dilution) is required.

To obtain the same variance in the scarification test as in the usualpock countprogramme
(six eggs per dilution-i.e., 90 eggs for the three vaccines) 13 rabbits will be needed.

A recent publication (Krag & Bentzon, 1963) con-
cerning the results of a comparison of smallpox vac-
cines in seven laboratories (referred to by the num-
bers 1 to 7) in as many countries included some brief
remarks about the statistical methods used for
estimating the variance and for studying the re-
liability of different tests. The present paper is a
fuller report on the statistical methods used and the
statistical problems encountered. The smallpox vac-
cines included in the study were the International
Reference Preparation of Smallpox Vaccine (R), its
coded duplicate (D), three different calf or egg
vaccines (A, B, C) and one local vaccine per labora-
tory (L1, L2 . . . L7).
The testing programme common to the seven

laboratories allowed for three to four testing days,
with vaccines R and L and one or two of the four
coded vaccines examined on each day.

All the vaccines were tested in serial dilutions with
dilution factors of between 2 and 10. All tests except
scarification gave graded responses: number of pocks
or plaques leading to a logarithmic titre; number of
surviving cultures, eggs or mice, leading to log LD50
values. The scarification test gave a modified end-
point titre: number of lesions for the dilution next to

1 Actuary, Statens Seruminstitut, Copenhagen, Denmark.
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that giving confluency. All log1o titres 3 were referred
to 1 ml of undiluted vaccine, except for the
scarification titres (referred to the inoculum of 0.3-
0.5 ml).

DETERMINATION OF STANDARD ERRORS

By means of analyses of variance it was possible to
estimate two variance components for each method,
corresponding to the variations within the experi-
ments (a) and between the experiments (B2). The
methods for estimating the variances a depend on
the actual types of observation. For the scarification
method and the intracutaneous method used in
Laboratories 2 and 6, titres are obtained as end-
points (the gradations of the responses are not used
for the evaluation of variances). In one laboratory
(7), the intracutaneous method is designed in such a
way that the internal variance can be estimated for
each dilution. For the pock counts and the 50% end-
points theoretical models are used in the derivation
of the variances.

Pock counts
The variation in the pock counts from one test to

another depends on the average number of pocks.

3All readings and details of the evaluation have been
given in unpublished document WHO/BS/546.
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If the distribution of the number of pocks followed
a Poisson distribution, the estimated variances (s2)
would only deviate at random from the observed
mean counts (i). As found by Kaplan & Belyavin
(1957), the s2 values are generally much larger than
the means; this difference increases with increasing
mean.

In studies on counting of bacteria (Engbaek, 1949)
it was found that the difference between s2 and x

-2
was proportional to x or

5 X + X2

This model can be applied here. The constant ,B
characterizes the deviation from the Poisson distri-
bution and reflects the variations in the growth con-
ditions in the eggs. An examination of the results of
Kaplan & Belyavin showed that the model fitted their
data when , was given a value of 0.20. In the present
assay values of f are estimated for each laboratory
by the formula:

k * x

where x the total average count, and k = number
of tests.
The , values ranged from 0.049 to 1.413 (see

Table 4 in Krag & Bentzon, 1963). As a check, the
s2 values observed are compared with the expected
s= x + , x, using the estimated value of P. In
only two cases out of 48 were deviations exceeding
the 5% limit of significance found.
The adequacy of this model was discussed by

Armitage (1957). He concluded that " . . . the varia-
bility in counts fails to increase with the mean as
rapidly as would be expected by the model ".
The range of x values covered in the present case is

1-29, which is much narrower than that covered by
most of the experimental series examined by Armit-
age. Therefore the model should not be extended to
other ranges of x. A possible reason for the devia-
tions from the model for high x values might be con-
fluence of pocks.
The plaque counts in tissue culture (Laboratory 3)

were treated in exactly the same way as the pock

1 With the extreme variations in x in Laboratory 7 a
preferable estimate of a is:

k

counts in embryonated eggs. Comparison between
the expected variance and the mean squares showed
no significant deviations.
The variances for the logarithmic titres have been

estimated from the following expression: 2

0.43432 {2df x} 0.4343 (1 =
2{(log(dIf - )}) m x

(dfK C)2 i

where df is the dilution of the vaccine and m the
number of eggs. The resulting standard errors of the
relative potencies are s. '\/2/n, where n is the number
of experiments.
As regards the pock and plaque count results,

comparisons between replicated titre determinations
revealed no extra variance component.

LD50 end-point values
For all the LD50 tests, a 50% end-point was de-

termined by the Karber method (see, for instance,
Finney, 1952). The variance, V { LD50 }, was estim-
ated for each vaccine and each testing day:

d2
V{50} m2(mDl)- ri (m-rj),

where d is the interval between doses, m the number
of eggs (or tubes) used per dilution and r the number
of eggs (or tubes) showing vaccine activity (killed
embryo or lesion in tissue culture). In the experi-
ments d equals log 3 = 0.48, except for mice where
d= 1.0.
The variance estimates calculated by the above

formula reflect the magnitude of the slope of the
dose-response curve. As regards the egg results
(Laboratory 2) only random fluctuations were seen
in these estimates, thus indicating that there were no
differences between the slopes for the five vaccines.
The average variance represents the internal

variation for the test and should correspond to the
variance a.' The variation of the difference L-R
does not exceed expectations.
The tissue culture results (Laboratory 2) also gave

slopes without demonstrable differences and the
variations of R-L corresponded to expectation.
An inspection of the dose-response curve for the

egg results (Laboratory 6) revealed that the curves for

2 This expression is obtained by the use of the approxima-
tion formula:

V M' (dfK ?) M= X} taking x as an

estimate of the mean value M {xc} in the denominator.
(M = mean value as indicated by { }.)
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the reference vaccines (R and D) were less steep than
those for vaccines A, B, C and L. This is demon-
strated by the fact that the variance estimates were
generally higher for the reference vaccine (> 0.040)
than for the other vaccines (0.011-0.028). The
potencies were therefore estimated on L titres.
An expected variance for the LD50 results in eggs

was calculated on the assumption that the probability
(P) of inoculating at least one virus particle is
P = ex-. The variance of an LD50 value may be
expressed by

0.482
V{LD50} = - P(1-P).

Under the experimental conditions above (six eggs
and fourfold dilution steps)

0.482
V{LD50} = 6 x 0.5 = 0.019.

which is close to the S2 values obtained (Laboratory
2: 0.028; Laboratory 6: 0.018).
The slopes of the dose-response curves for the tests

on newborn mice (Laboratory 6) do not deviate
notably from each other. An average variance was

estimated as above, leading to an s2 value of 0.122,
which exceeds the values for eggs by a factor of 4.

Scarification

Two laboratories (I and 7) tested all four pairs of
rabbits on the same day, while as a rule the other five
laboratories took only one pair of rabbits on each
testing day. The general plan to take vaccines R
and L together with one of the test vaccines (A, B,
C or D) on the same rabbit was followed with few
exceptions.

In the following analysis of variance, all observa-
tions are given the same weight and therefore the
mean squares estimate an average variance.

In some cases the titres were given as < (or >) a
certain value. Since such cases are few, and since the
titre value will often lie near the value given, the
< (or >) sign has been disregarded. This means
that the variances are probably somewhat under-
estimated.

Typical testing took place in Laboratories 2, 3
and 5 and the following variations (which are in-
dependent of one another) were examined. The
difference R-L was estimated with eight rabbits,
giving S(R-L) with f= 7. Similarly a variance
estimate S2(R+L with f = 4 (one per day)

2- -

R+Lwas obtained from differences between 2 and
2

one of the test vaccines. SIRL) estimated 2 a2

while 2R+L_ ) estimated 2 a.; therefore the

12
combined SS = SS(R-L) + - SS (R+L -r)

divided by the total f (11) estimated .

Finally the variation between rabbits was estimated
by S2R+L with f = 7.

2

Similar estimates were obtained for the other
laboratories (Table 1).

TABLE I
ANALYSIS OF VARIANCE FOR SCARIFICATION METHOD a

Within rabbits rabbits b
OtherDifferences differences Total (R+L)

R-L R
-_ Toa 2

2

Lab. 2 s2 f -2s2 f s2 f s2 f23 w rb

1 0.0167 3 0.0046 1 0.0137 4 0.0053 3

2 0.0732 7 0.0966 4 0.0817 11 0.0507 7

3 c 0.1280 7 0.0444 4 0.0936 11 0.2255 7

4 0.1041 7 0.1249 5 0.1128 12 0.2373 7

5 0.0614 7 0.0105 4 0.0428 11 0.2426 d 7

6 0.1240 13 0.0435 7 0.0959 20 0.2100 13

7 0.0304 5 0.1052 3 0.0585 8 0.1115 6

a Titres based on counting of lesions for dilution next to
that giving confluency.

b S2 =- x SSrb f R+L
2

c Analyses of variance for Laboratory 3 based on the limit
titres.

d 2

- 5.65 (P < 0.1 %).
S 2
w

For all laboratories no distinction could be made
between rabbit variation and day-to-day variation.
The total variation between rabbits exceeds the
variation within rabbits in five out of the seven
laboratories, the ratios between the S2 values being
about 2 for Laboratories 3, 4, 6 and 7, and about 6
for Laboratory 5 (P < 0.1 %). The significance cor-
responds to the fact that the S2 value is very low,
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probably due to the high number of pocks (15-32)
reported by Laboratory 6, while the other labora-
tories report their counts as lying from 1 to 15.
The S2 values estimate u2,+2aC, where u, denotes

the variance component for the variation within
rabbits and a' the variance component for the varia-
tion between rabbits. This means that, except for
Laboratory 5, the component aB will be less than aJ2
and therefore no reduction in variability is obtained
by using potencies instead of individual titres; the
variances equal 2 *aaand a 2 ± cr respectively.
The s5 for Laboratory 1 (0.0137) was considerably

lower than the values for all the other six laboratories
(0.0428 to 0.1128). This may be due to the fact that
the other six laboratories used threefold dilution
steps, while Laboratory 1 used five dilutions, to
cover the total interval between dilutions 3000 and
15 000, the logarithmic interval between the higher
dilution factors being about 0.10 or 1/5 of a threefold
dilution step (0.48). If the results for all dilutions
were utilized for estimating the titre, the value of s2
would tend to be proportional to the dilution in-
terval. However, with the estimation procedure used
here, the effect of a change in dilution interval is more
doubtful.
The standard errors of the average potencies are

calculated from the s2 values as sw. 2/, where n is
\/n

the number of rabbits giving results for both the
test vaccine and the reference vaccine.

Intracutaneous method

The slopes of the dose-response curves from
Laboratories 2 and 6 were approximately the same
per laboratory for all vaccines, but a clear difference
in slope was seen between the laboratories-2.4 and
5.7 respectively.
The results from Laboratories 2 and 6 were also

included in an analysis of variance, following the
same principle as that described for the results from
the scarification test.

It was observed that in Laboratory 2 a variation
between rabbits was just demonstrable. The ratios
2
b lie at about 2 in both laboratories.

s2
The results from Laboratory 7 permitted a more

thorough analysis of the dose-response curves and
the variation between rabbits as three dilutions for
each vaccine were tested on each of six rabbits.

An analysis of variance has been made for each
vaccine and testing day for all series with average
diameters > 10. Nine residual variances were
estimated, each with 10 degrees of freedom; these
estimates varied at random about an average value
sR2= 28.36 (f= 90). No significant variations in the
slope were found within each experimental day,
either between rabbits or between vaccines. There-
fore each vaccine was characterized by an average
diameter, a dilution factor and an average slope (0).

It was noted that the slopes for days 1 and 3 were
generally higher than for the second day; the average
slopes per day are b = 14.5, 11.1 and 17.2 respec-
tively.
These average slopes were used for estimating the

logarithmic potency of each vaccine relative to
vaccine R.
An analysis of residual variances per day (on the

average diameters per animal and per vaccine R, A,
B, C and L) has shown a significantly higher variance
than might be expected from the above-mentioned
internal variation (SR = 25.56, f= 25; as against theR

expected . 28.36).
3

This shows that the potency varies more from
animal to animal than might be expected from the
residual variation (D compared with R showed only
the expected variation).
The estimated standard errors of the potencies are

2 A/~~25._56calculated as SE = s \/-, where s. = b
These estimates vary from day to day due to the
variation in the average slope. In the following
considerations, an average SE value (for n = 6) of
0.20 is used.
The slopes for the results from Laboratory 7 are

higher than those for Laboratories 2 and 6 (11-17 as
against 2.4 and 5.7).
The results from the three laboratories also

deviate as regards the average lesion for the part of
the dose-response curve used and the maximal
reaction noted:

Average diameter (mm)
Maximal diameter (mm)

Lab. 2 Lab. 6 Lab. 7

8 10 21
29 30 60

Therefore the differences in slope cannot be ex-
plained completely by assuming that different parts
of a common curve have been taken as basis for the
evaluation.

748



STATISTICAL METHODS IN EVALUATION OF RESULTS OF SMALLPOX VACCINE TESTS

Laboratories 6 and 7 used the same dose interval
(0.6) and their respective standard errors are almost
equal if calculated on the basis of the same number
of rabbits. With two rabbits the SE in Laboratory
2 becomes 0.77, or about twice the values found for
the two other laboratories (0.33 and 0.39). This
difference can be only partly explained by the dif-
ferent dilution steps used (1.0 for Laboratory 2, as
against 0.6).

COMPARISON OF STANDARD ERRORS

Table 2 gives a survey of the sources of error

studied for the different methods. The estimates
of aBc are usually based on very few degrees of free-
dom. In most cases, therefore, actual values are not
given; but the hypothesis aB= 0 is tested by com-

paring inter-experimental differences with standard
errors calculated from estimates of a2.

With a few exceptions the relative potencies varied
according to expectations based on the internal
variation estimated by Sw.
The Sw values lie between 0.08 (pock count) and

0.35 (LD50 mice). With all methods the sw varies in
inverse proportion to m, the number of experimental
units (rabbits, eggs, tubes or mice). The number of
eggs, tubes or mice was counted per dilution step,
the number of dilution steps being determined in
order to cover a certain range of titres. Therefore the
Sw values found for each method can be referred to
one experimental unit by multiplication by /m.
The s. * A\m values range from 0.30 to 0.39 for the
four methods-scarification, intracutaneous, tissue
culture and LD50 in eggs. The extreme values are
0.20 for pock count and 0.78 for LD50 in mice.

It is more difficult to establish the effect of using
different dilution factors (df). Use of a higher dilu-
tion factor tends to increase the standard error, but

TABLE 2
SURVEY OF SOURCES OF ERROR FOR THE DIFFERENT METHODS

Source of variation

Method Between experiments Remarks
Within experiments Relative potencies

Titres or titre differences

Pock count Between eggs or cultures Between days

Estimates Estimates Estimates a2 = 0B
m a2 a2 + a2 2 a2 Accepted

a' ~~~~Ba' a

LDso Between experimental units Between days

Lab. 2, eggs As above As above

Lab. 2, cultures ., t aa2> 0 but not calculated

Lab. 6, eggs of t

Lab. 6, mice No estimate possible

Estimates

ma02

Scarification Not estimated Between rabbits and days a2 a2
aB 2aw

Estimates Estimates No between-days
2 a2 + a2 2 a2 variation demonstrable

Intracutaneous Lab. 2 and 6, not estimated Between rabbits and days 2 1 2
B2w

As above As above

Lab. 7, within rabbits Not estimated 2 a2 estimated directly a2 greater than the variance
.' wwithin rabbits
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only if the results for all dilution steps are utilized for
the titre determination.
For the LD50 titres, the SE varies proportionally

to the square root of the logarithmic dilution interval
(d), provided the whole range 0-100% is covered;
otherwise the effect of a change in d is less clear. The
effect is more doubtful for the other methods.
For the pock count, the plaque count, the LD50

and the intracutaneous test in Laboratory 7, the sw
was estimated directly from the dose-response
curves. The R- L differences were not used as for the
scarification and intracutaneous methods in Labora-
tories 2 and 6. In two cases (pock count results in
Laboratories 3 and 6) excessive R-L differences were
noted. This fact was not used to correct the estimate
of sw, and consequently the above-mentioned ac-
curacy for the pock count may be somewhat over-
estimated.

DECISIONS RELATING TO NUMBER OF EXPERIMENTS

The variation between results for the scarification
test (from the same laboratory) is rather pronounced.
Expressed as the SE for a potency based on results
for two rabbits, the values range from 0.24 in
Laboratory 7 to 0.34 in Laboratory 4. If the value
0.30 is taken as an expression of the average SE, it is
seen that, using two rabbits per test, only potencies
2 +0.60 and < -0.60 deviate significantly from
zero.

It was therefore found of value to study in some
detail to what extent it is possible by the scarification
test to demonstrate minor differences between two
vaccines, a reference vaccine R and a local vaccine L.
Assuming that the average R-L of n potency de-
terminations R-L is normally distributed about the
average value 8 with variance 2 a,2/n, we compute

R-L
2

aw -

n

To test the hypothesis 8 = 0 against the alternative
8 0°, IzI is compared with Up1, which is the P1 per-
centile in the standardized normal distribution.
The values for P1 = 97.5% and 99.5% are 1.96

and 2.58 respectively (5% and 1% levels of signi-
ficance).

If 8 is great compared with aw \-, the probabi-

lityPa of accepting the hypothesis 8=0 is small. In this

case (Pa small) the following approximation formula
can be set up, connecting n and the probability Pa:

2 c2 (Up1 UP )2
n= 82

The Upa values for Pa = 5% and 10% are -1.64
and -1.28 respectively.
An average estimate (s.) of the standard deviation

0.30 has been calculated from the test results in
Laboratories 2, 3, 4, 6 and 7. Using a. = 0.30 and
taking the four combinations of P, and Pa (97.5 %,
99.5%, 10% and 5%), the following values for. the
numerator in the expression for n are obtained:

P1

97.5% 99.5%
10% 1.892 2.679

Pa
5% 2.340 3.207

The tabulation below shows, in the case of
P = 97.5 % and Pa = 5 %, the n values expressed as
the smallest integer greater than 2.340/82:

n =

0.3 0.6 0.9 1.2
25 7 3 2

It is obvious that differences smaller than 0.4 can-
not be demonstrated with the scarification test
without using an extremely large number of rabbits.
The usual pock count test done with six eggs for

each of about five serial dilutions (in threefold steps)
gives an over-all standard error of 0.1 1. This is lower
than for the scarification test, and provides the pos-
sibility of distinguishing significantly from zero those
vaccines with potencies> 0.25 or .-0.25. Follow-
ing the same principle as given above, using

0.11
a = - = 0.08 in the formula for n (n being theV12
number of tests), the n values given below were
obtained for P1 97.5% and Pa = 5%:

8 - 0.1 0.2 0.3
n = 16 4 2

It may be seen by comparing the n values for
8 = 0.3 that the number of experiments required for
the scarification test is roughly 13 times that required
for the pock-count test.

In the above considerations concerning the num-
ber of experiments, the number of units used in each
experiment is fixed at the typical values in the pre-
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sent series. In most cases the internal variance (a2)
dominated the variability of potencies. However, the
estimates of any extra component of variance
-W, say-are subject to large random fluctuations
due to the low number of degrees of freedom avail-
able for these estimates. If both these components
were known or well estimated, the variances of
relative potencies corresponding to different experi-
mental plans could be calculated and the results used
for choosing the most suitable experimental plan.
As an example, let the total number of experimental
units K = n * q be fixed; q is the number of units per
experiment chosen instead of the typical value m.
The variance of the average potency (x) is determined
by

22ur. m a2
V {x} = -K + n

Clearly the variance is minimized by taking
K

q = 1 and n =- = K (one experimental unit per
q

testing day).
However, it might be more convenient to use a

higher number of units per day and then fix the
number of experiments (n).
The formula would then be

2 / a2
n to2 q /

It would thus appear that it would be reasonable
to increase q until

2
a. m

to2 q

becomes small compared with 1-say, less than

RISUMt

Se fondant sur l'essai international - effectue dans
sept laboratoires de sept pays - qui a conduit a l'etablis-
sement de la Preparation internationale de Reference du
Vaccin antivariolique, les auteurs exposent certaines
methodes statistiques et les problemes qui s'y rap-
portent.

Pour chacune des methodes, les composants de la
variance decoulaient des donn&es de l'experience, dans
laquelle on avait introduit le double (inconnu) d'un
echantillon donne (connu). Pour la numeration des pus-
tules et des plaques, l'analyse a et bas&e sur la variance
presumee, a laquelle on ajoutait des el6ments de varia-
tion resultant de l'experience. Pour la methode DLso sur
les aeufs, pour les cultures et les souris, comme pour les

tests cutanes (scarification et tests intracutanes), toute
l'analyse a et fondee sur la difference entre les resultats.
On a compare les deviations standard trouvees pour les
differentes methodes, en tenant compte des differences
portant sur le nombre de tests et le degr6 des dilutions.
Grace a cette comparaison des deviations standard, on a
pu evaluer le nombre d'experiences necessaires pour
demontrer que certains vaccins, dont la difference
d'activite etait connue, differaient l'un de l'autre de facon
significative.

Les auteurs soulignent la precision de la methode par
numeration des pustules sur membrane chorio-allantol-
dienne de poulet, par rapport a la methode de scarifica-
tion sur le lapin.
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